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Abstract. According to Abel’s lemma and the method of linear combina-
tions, we establish numerous contiguous relations of 3φ2-series, which can be
regarded as q-analogues of the contiguous relations of 3F2-series due to Krat-
tenthaler and Rivoal [12] or Chu and Wang [4].
1. Introduction
For two complex numbers x and q with |q| < 1, define the q-shifted factorial by
(x; q)n =


∏n−1
i=0 (1− xq
i), n > 0;
1, n = 0;
1∏
−1
j=n
(1−xqj )
, n < 0.
The fractional form of it reads as[
α, β, · · · , γ
A, B, · · · , C
∣∣∣ q]
n
=
(α; q)n(β; q)n · · · (γ; q)n
(A; q)n(B; q)n · · · (C; q)n
.
Following Gasper and Rahman [5], the basic hypergeometric series can be defined by
rφs
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ q; z] = ∞∑
k=0
(a1; q)k(a2; q)k · · · (ar ; q)k
(b1; q)k(b2; q)k · · · (bs; q)k
{
(−1)kq
(
k
2
)}1+s−r zk
(q; q)k
,
where {ai} and {bj} are complex parameters such that no zero factors appear in the denominators
of the summand on the right hand side. Throughout the paper, we shall also use the shifted-basic
hypergeometric series
rφ
∗
s
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ q; z] = ∞∑
k=0
(a1; q)k(a2; q)k · · · (ar ; q)k
(b1; q)k(b2; q)k · · · (bs; q)k
{
(−1)kq
(
k
2
)}1+s−r (1−qk)zk
(q; q)k
,
whose summation index begins essentially with k = 1, instead of k = 0.
For a complex sequence {τk}, define respectively the forward difference operator △˜ and the back-
ward difference operator ∇ by
△˜τk = τk − τk+1 and ∇τk = τk − τk−1.
Then Abel’s lemma (cf. [4]) can be stated as follows.
Lemma 1. For two complex sequences {Uk} and {Vk}, there holds the relation:
∞∑
k=0
Uk△˜Vk =
∞∑
k=0
Vk∇Uk
provided that one of the series on both sides converges, U−1V0 = 0 and UkVk+1 → 0 as k →∞.
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There are many contiguous relations in the literature. Several interesting ones can be seen in
the papers [2]-[4], [6]-[12], [14]-[17] and [18]-[20]. Implied by the work just mentioned, we shall
give numerous contiguous relations of 3φ2-series in terms of Lemma 1 and the method of linear
combinations.
The structure of this paper is arranged as follows. In section 2, we shall use the Lemma 1 to found
four three-term contiguous relations of 3φ2-series denominated by patterns A, B, C and D. Then
they will be applied to offer numerous two- and three-term contiguous relations of 3φ2-series in
sections 3-4 in accordance with the method of linear combinations.
2. Four three-term contiguous relations of 3φ2-series
In this section, we show four patterns A, B, C and D satisfied by three 3φ2-series through Abel’s
lemma. Throughout this section, we assume that the parameters of all the 3φ2-series are subject
to the condition |bd/qace| < 1 in order that Lemma 1 can be applied smoothly.
2.1. Pattern A.
Define two sequences by
Uk =
[
qa, d/a
q, d
∣∣∣ q]
k
and Vk =
[
c, e
b, d/qa
∣∣∣ q]
k
(
bd
qace
)k
.
Then it is not difficult to check the limiting relation
U−1V0 = lim
n→∞
UnVn+1 = 0
and the finite differences
∇Uk =
[
a, d/qa
q, d
∣∣∣ q]
k
qk,
△˜Vk =
[
c, e
qb, d/a
∣∣∣ q]
k
(
bd
ace
)k{ (1−b)(1−d/qa)−(1−c)(1−e) bd
qace
(1 − b)(1 − d/qa)
+
(1− bd/qace)
(1− b)(1 − d/qa)
1− qk
qk
}
.
In accordance with Lemma 1, we can manipulate the following 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
=
∑
k≥0
Vk∇Uk =
∑
k≥0
Uk△˜Vk
=
(1−b)(1−d/qa)−(1−c)(1−e) bd
qace
(1 − b)(1 − d/qa)
∑
k≥0
[
qa, c, e
q, qb, d
∣∣∣ q]
k
(
bd
ace
)k
+
(1 − bd/qace)
(1− b)(1 − d/qa)
∑
k≥0
(1− qk)
[
qa, c, e
q, qb, d
∣∣∣ q]
k
(
bd
qace
)k
.
Shifting the summation index k → k + 1 for the last sum, we obtain the following relation.
Theorem 2 (Pattern A). For five complex numbers {a, b, c, d, e} subject to the condition |bd/qace| <
1, there holds the three-term contiguous relation of 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Aq3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
+ Aq3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
, (1a)
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Aq3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
+ Aq3φ2
∗
[
qa, c, e
qb, d
∣∣∣ q; bd
qace
]
, (1b)
where the coefficients Aq , Aq and Aq are defined by
Aq := Aq(a, c, e; b, d) =
(1 − b)(1 − d/qa) − (1 − c)(1 − e) bd
qace
(1− b)(1 − d/qa)
,
Aq := Aq(a, c, e; b, d) =
(1 − bd/qace)(1 − qa)(1 − c)(1− e) bd
(1− b)(1 − qb)(1− d)(1 − d/qa) qace
,
Aq := Aq(a, c, e; b, d) =
(1 − bd/qace)
(1− b)(1 − d/qa)
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 2 and then
letting q → 1, we recover the following relation.
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Corollary 3 ([4, Theorem 1]). For five complex numbers {a, b, c, d, e} subject to the condition
Re(b+ d− a − c− e) > 1, there holds the three-term contiguous relation of 3F2-series:
3F2
[
a, c, e
b, d
∣∣∣ 1] = A 3F2
[
a + 1, c, e
b+ 1, d
∣∣∣ 1]+ A 3F2
[
a+ 2, c+ 1, e+ 1
b+ 2, d+ 1
∣∣∣ 1] ,
3F2
[
a, c, e
b, d
∣∣∣ 1] = A 3F2
[
a + 1, c, e
b+ 1, d
∣∣∣ 1]+ A 3F2∗
[
a+ 1, c, e
b+ 1, d
∣∣∣ 1] ,
where the coefficients A, A and A are given by
A := A(a, c, e; b, d) =
(1 + a− d)b+ ce
(1 + a− d)b
,
A := A(a, c, e; b, d) =
(1 + a+ c+ e− b− d)(1 + a)ce
(1 + a− d)(1 + b)bd
,
A := A(a, c, e; b, d) =
1 + a+ c+ e− b− d
(1 + a− d)b
.
In Corollary 3, the hypergeometric series and shifted hypergeometric series have been offered by
rFs
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ z] = ∞∑
k=0
(a1)k(a2)k · · · (ar)k
(b1)k(b2)k · · · (bs)k
zk
k!
,
rF
∗
s
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ z] = ∞∑
k=0
(a1)k(a2)k · · · (ar)k
(b1)k(b2)k · · · (bs)k
kzk
k!
,
where the shifted factorial is
(x)n =


∏n−1
i=0 (x+ i), for n > 0;
1, for n = 0;
1∏
−1
j=n(x+j)
, for n < 0.
2.2. Pattern B.
For two sequences defined by
Uk =
[
c, e
d/q, qce/d
∣∣∣ q]
k
and Vk =
[
a, q2ce/d
q, b
∣∣∣ q]
k
(
bd
qace
)k
,
we can easily verify the limiting relation
U0V−1 = lim
n→∞
Un+1Vn = 0
and the finite differences
△˜Uk =
[
c, e
d, q2ce/d
∣∣∣ q]
k
qk
(1 − qc/d)(1 − qe/d)
(1 − qce/d)(1 − q/d)
,
∇Vk =
[
a/q, qce/d
q, b
∣∣∣ q]
k
(
bd
ace
)k{
1 +
(1− qace/bd)
(1 − a/q)(1 − qce/d)
1− qk
qk
}
.
By means of Lemma 1, we can reformulate the following 3φ2-series:
(1 − qc/d)(1 − qe/d)
(1 − qce/d)(1 − q/d)
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
=
∑
k≥0
Vk△˜Uk =
∑
k≥0
Uk∇Vk
=
∑
k≥0
[
a/q, c, e
q, b, d/q
∣∣∣ q]
k
(
bd
ace
)k
+
(1− qace/bd)
(1− a/q)(1 − qce/d)
∑
k≥0
(1 − qk)
[
a/q, c, e
q, b, d/q
∣∣∣ q]
k
(
bd
qace
)k
.
Shifting the summation index k → k + 1 for the last sum, we get the following relation.
Theorem 4 (Pattern B). For five complex numbers {a, b, c, d, e} subject to the condition |bd/qace| <
1, there holds the three-term contiguous relation of 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Bq3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+ Bq3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
, (2a)
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Bq3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+Bq3φ2
∗
[
a/q, c, e
b, d/q
∣∣∣ q; bd
qace
]
, (2b)
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where the coefficients Bq, Bq and Bq are defined by
Bq := Bq(a, c, e; b, d) =
(1− qce/d)(1− q/d)
(1− qc/d)(1 − qe/d)
,
Bq := Bq(a, c, e; b, d) =
(1− c)(1− e)(1− bd/qace)q
(1− b)(1 − qc/d)(1 − qe/d)d
,
Bq := Bq(a, c, e; b, d) =
(1− qace/bd)(1 − q/d)
(1− a/q)(1 − qc/d)(1 − qe/d)
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 4 and then
letting q → 1, we recover the following relation.
Corollary 5 ([4, Theorem 2]). For five complex numbers {a, b, c, d, e} subject to the condition
Re(b+ d− a − c− e) > 1, there holds the three-term contiguous relation of 3F2-series:
3F2
[
a, c, e
b, d
∣∣∣ 1] = B 3F2
[
a− 1, c, e
b, d− 1
∣∣∣ 1]+ B 3F2
[
a, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1] ,
3F2
[
a, c, e
b, d
∣∣∣ 1] = B 3F2
[
a− 1, c, e
b, d− 1
∣∣∣ 1]+B 3F2∗
[
a− 1, c, e
b, d− 1
∣∣∣ 1] ,
where the coefficients B, B and B are given by
B := B(a, c, e; b, d) =
(1 + c+ e− d)(1 − d)
(1 + c− d)(1 + e− d)
,
B := B(a, c, e; b, d) =
(1 + a+ c+ e− b− d)ce
(1 + c− d)(d − e− 1)b
,
B := B(a, c, e; b, d) =
(1 + a+ c+ e− b− d)(1 − d)
(1− a)(1 + c− d)(d − e− 1)
.
2.3. Pattern C.
Define two sequences by
Uk =
[
qc, qe
q, qce
∣∣∣ q]
k
and Vk =
[
a, qce
b, d
∣∣∣ q]
k
(
bd
qace
)k
.
Then it is not hard to check the limiting relation
U−1V0 = lim
n→∞
UnVn+1 = 0
and the finite differences
∇Uk =
[
c, e
q, qce
∣∣∣ q]
k
qk,
△˜Vk =
[
a, qce
qb, qd
∣∣∣ q]
k
(
bd
ace
)k{ (1−b)(1−d)−(1−a)(1−qce) bd
qace
(1− b)(1 − d)
+
(1 − bd/qace)
(1 − b)(1 − d)
1− qk
qk
}
.
According to Lemma 1, we can recombine the following 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
=
∑
k≥0
Vk∇Uk =
∑
k≥0
Uk△˜Vk
=
(1−b)(1−d)−(1−a)(1−qce) bd
qace
(1 − b)(1 − d)
∑
k≥0
[
a, qc, qe
q, qb, qd
∣∣∣ q]
k
(
bd
ace
)k
+
(1− bd/qace)
(1− b)(1 − d)
∑
k≥0
(1 − qk)
[
a, qc, qe
q, qb, qd
∣∣∣ q]
k
(
bd
qace
)k
.
Shifting the summation index k → k + 1 for the last sum, we derive the following relation.
Theorem 6 (Pattern C). For five complex numbers {a, b, c, d, e} subject to the condition |bd/qace| <
1, there holds the three-term contiguous relation of 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Cq3φ2
[
a, qc, qe
qb, qd
∣∣∣ q; bd
ace
]
+ Cq3φ2
[
qa, q2c, q2e
q2b, q2d
∣∣∣ q; bd
qace
]
, (3a)
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Cq3φ2
[
a, qc, qe
qb, qd
∣∣∣ q; bd
ace
]
+ Cq3φ2
∗
[
a, qc, qe
qb, qd
∣∣∣ q; bd
qace
]
, (3b)
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where the coefficients Cq , Cq and Cq are defined by
Cq := Cq(a, c, e; b, d) =
(1− b)(1 − d) − (1 − a)(1 − qce) bd
qace
(1− b)(1 − d)
,
Cq := Cq(a, c, e; b, d) =
(1− bd/qace)(1 − a)(1 − qc)(1− qe) bd
(1− b)(1 − d)(1 − qb)(1 − qd) qace
,
Cq := Cq(a, c, e; b, d) =
(1− bd/qace)
(1 − b)(1 − d)
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 6 and then
letting q → 1, we recover the following relation.
Corollary 7 ([4, Theorem 3]). For five complex numbers {a, b, c, d, e} subject to the condition
Re(b+ d− a − c− e) > 1, there holds the three-term contiguous relation of 3F2-series:
3F2
[
a, c, e
b, d
∣∣∣ 1] = C 3F2
[
a, c+ 1, e+ 1
b+ 1, d+ 1
∣∣∣ 1]+ C 3F2
[
a+ 1, c+ 2, e+ 2
b+ 2, d+ 2
∣∣∣ 1] ,
3F2
[
a, c, e
b, d
∣∣∣ 1] = C 3F2
[
a, c+ 1, e+ 1
b+ 1, d+ 1
∣∣∣ 1]+ C 3F2∗
[
a, c+ 1, e+ 1
b+ 1, d+ 1
∣∣∣ 1] ,
where the coefficients C, C and C are given by
C := C(a, c, e; b, d) =
bd− a(1 + c+ e)
bd
,
C := C(a, c, e; b, d) =
(b+ d− a− c− e− 1)(1 + c)(1 + e)a
(1 + b)(1 + d)bd
,
C := C(a, c, e; b, d) =
b+ d− a− c− e− 1
bd
.
2.4. Pattern D.
For two sequences defined by
Uk =
[
a, bd/q2a
b/q, d/q
∣∣∣ q]
k
and Vk =
[
c, e
q, bd/q2a
∣∣∣ q]
k
(
bd
qace
)k
,
we can verify without difficulty the limiting relation
U0V−1 = lim
n→∞
Un+1Vn = 0
and the finite differences
△˜Uk =
[
a, bd/q2a
b, d
∣∣∣ q]
k
qk
(1− qa/b)(1 − qa/d)
(1− q/b)(1 − q/d)a
,
∇Vk =
[
c/q, e/q
q, bd/q2a
∣∣∣ q]
k
(
bd
ace
)k{
1 +
(1− qace/bd)
(1− c/q)(1 − e/q)
1− qk
qk
}
.
In terms of Lemma 1, we can recompose the following 3φ2-series:
(1− qa/b)(1 − qa/d)
(1 − q/b)(1 − q/d)a
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
=
∑
k≥0
Vk△˜Uk =
∑
k≥0
Uk∇Vk
=
∑
k≥0
[
a, c/q, e/q
q, b/q, d/q
∣∣∣ q]
k
(
bd
ace
)k
+
(1− qace/bd)
(1 − c/q)(1 − e/q)
∑
k≥0
(1− qk)
[
a, c/q, e/q
q, b/q, d/q
∣∣∣ q]
k
(
bd
qace
)k
.
Shifting the summation index k → k + 1 for the last sum, we deduce the following relation.
Theorem 8 (Pattern D). For five complex numbers {a, b, c, d, e} subject to the condition |bd/qace| <
1, there holds the three-term contiguous relation of 3φ2-series:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Dq3φ2
[
a, c/q, e/q
b/q, d/q
∣∣∣ q; bd
ace
]
+ Dq3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
, (4a)
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Dq3φ2
[
a, c/q, e/q
b/q, d/q
∣∣∣ q; bd
ace
]
+Dq3φ2
∗
[
a, c/q, e/q
b/q, d/q
∣∣∣ q; bd
qace
]
, (4b)
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where the coefficients Dq, Dq and Dq are defined by
Dq := Dq(a, c, e; b, d) =
(1 − q/b)(1 − q/d)a
(1− qa/b)(1 − qa/d)
,
Dq := Dq(a, c, e; b, d) =
(1− a)(1 − qace/bd)q
(1 − qa/b)(1 − qa/d)ce
,
Dq := Dq(a, c, e; b, d) =
(1 − qace/bd)(1 − q/b)(1 − q/d)a
(1− qa/b)(1 − qa/d)(1 − c/q)(1− e/q)
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 8 and then
letting q → 1, we recover the following relation.
Corollary 9 ([4, Theorem 4]). For five complex numbers {a, b, c, d, e} subject to the condition
Re(b+ d− a − c− e) > 1, there holds the three-term contiguous relation of 3F2-series:
3F2
[
a, c, e
b, d
∣∣∣ 1] = D 3F2
[
a, c− 1, e− 1
b− 1, d− 1
∣∣∣ 1]+ D 3F2
[
a+ 1, c, e
b, d
∣∣∣ 1] ,
3F2
[
a, c, e
b, d
∣∣∣ 1] = D 3F2
[
a, c− 1, e− 1
b− 1, d− 1
∣∣∣ 1]+D 3F2∗
[
a, c− 1, e− 1
b− 1, d− 1
∣∣∣ 1] ,
where the coefficients D, D and D are given by
D := D(a, c, e; b, d) =
(1 − b)(1 − d)
(1 + a− b)(1 + a− d)
,
D := D(a, c, e; b, d) =
a(1 + a+ c+ e− b− d)
(1 + a− b)(1 + a− d)
,
D := D(a, c, e; b, d) =
(1 + a+ c+ e− b− d)(1 − b)(1 − d)
(1 + a− b)(1 + a− d)(1 − c)(1 − e)
.
Remark: The convergent conditions for the contiguous relations that will emergence in the next
two sections are easy to be confirmed. For simplifying the expressions, we shall not lay out them
one by one.
3. Nine two-term contiguous relations of 3φ2-series
In terms of one or two patterns of A, B, C and D, we offer nine two-term contiguous relations of
3φ2-series in this section. Each subsection will be labeled by the corresponding patterns.
3.1. A&A.
Let Eq⋆(1a) stand for Eq(1a) under the parameter replacements
a→ c/q, c→ qa, b→ d/q, d→ qb.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(1a)
(1− qb/c)(1 − d/q)
(1− b)(1 − d/qa)
with d =
qabe(q − c)
qab+ ce− bc− ace
.
With this specific value d, we can check that the right member of the last equation vanishes. After
some simplification, we attain the following relation.
Theorem 10 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b,
qabe(q−c)
qab+ce−bc−ace
∣∣∣ q; qb2(q − c)
c(qab+ ce− bc− ace)
]
= 3φ2
[
qa, c/q, e
qb, abe(q−c)
qab+ce−bc−ace
∣∣∣ q; qb2(q − c)
c(qab+ ce− bc− ace)
]
×
(1 − qb/c)(qab + abce+ ce− bc− qabe− ace)
(1− b)(qab + bce+ ce− bc− qbe− ace)
.
Performing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 10 and then letting
q → 1, we recover the following relation.
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Corollary 11 ([4, Theorem 5]).
3F2
[
a, c, e
b, 1 + e− a(b−e)
1−c
∣∣∣ 1
]
= 3F2
[
a+ 1, c− 1, e
b+ 1, e− a(b−e)
1−c
∣∣∣ 1
]
×
(1 + b− c)(ab + ce− ae− e)
b(a + ab + ce− ac− ae− e)
.
Specifying the parameters, in Theorem 10, by
a→ α, c→ β, e→ γ, b→ qα,
we achieve the following relation with one free parameter less.
Proposition 12 (Two-term contiguous relation of 3φ2-series).
3φ2
[
α, β, γ
qα, q
2α2γ(q−β)
q2α2+βγ−qαβ−αβγ
∣∣∣ q; q3α2(q − β)
β(q2α2 + βγ − qαβ − αβγ)
]
= 3φ2
[
qα, β/q, γ
q2α, qα
2γ(q−β)
q2α2+βγ−qαβ−αβγ
∣∣∣ q; q3α2(q − β)
β(q2α2 + βγ − qαβ − αβγ)
]
×
(1− q2α/β)(q2α2 + qα2βγ + βγ − q2α2γ − qαβ − αβγ)
(1− qα)(q2α2 + qαβγ + βγ − q2αγ − qαβ − αβγ)
.
Employing the substitutions α→ qα, β → qβ , γ → qγ for Proposition 12 and then letting q → 1,
we recover the following relation.
Corollary 13 ([12, Theorem 2], see also [4, Proposition 6]).
3F2
[
α, β, γ
α+ 1, γ +
α(α−γ+1)
β−1
+ 1
∣∣∣ 1
]
= 3F2
[
α+ 1, β − 1, γ
α+ 2, γ +
α(α−γ+1)
β−1
∣∣∣ 1
]
×
(2 + α− β)(α + α2 + βγ − αγ − γ)
(1 + α)(2α + α2 + βγ − αβ − αγ − γ)
.
3.2. A&B.
Let Eq⋆(2a) stand for Eq(2a) under the parameter replacements
a→ q2a, b→ d, d→ q2b.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(2a)
(1 − qa)(1 − qb/c)(1 − qb/e)
(1 − b)(1 − qb)(qa/d − 1)q
with d =
q2ace(1− b)
q2ab + qce+ ce− qace− qbc− qbe
.
With this specific value d, we can verify that the right member of the last equation vanishes. After
some simplification, we establish the following relation.
Theorem 14 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, q
2ace(1−b)
q2ab+qce+ce−qace−qbc−qbe
∣∣∣ q; q2b(1 − b)
q2ab+ qce+ ce− qace− qbc− qbe
]
= 3φ2
[
q2a, c, e
q2b, q
2ace(1−b)
q2ab+qce+ce−qace−qbc−qbe
∣∣∣ q; q2b(1 − b)
q2ab+ qce+ ce− qace− qbc− qbe
]
×
(1 − qa)(c − qb)(e− qb)
(1 − qb)(q2ab+ qbce+ ce− qace− qbc− qbe)
.
Performing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 14 and then letting
q → 1, we recover the following relation.
Corollary 15 ([4, Theorem 7]).
3F2
[
a, c, e
b, 2 + 2a +
(a+1)(1−c−e)+ce
b
∣∣∣ 1
]
= 3F2
[
a + 2, c, e
b+ 2, 2 + 2a+
(a+1)(1−c−e)+ce
b
∣∣∣ 1
]
×
(1 + a)(1 + b− c)(1 + b− e)
(1 + b)(1 + a+ b+ ab+ ce− c− e− ac− ae)
.
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Specifying the parameters, in Theorem 14, by
a→ α, c→ β, e→ γ, b→ qα,
we found the following relation with one free parameter less.
Proposition 16 (Two-term contiguous relation of 3φ2-series).
3φ2
[
α, β, γ
qα,
q2αβγ(1−qα)
q3α2+qβγ+βγ−qαβγ−q2αβ−q2αγ
∣∣∣ q; q3α(1 − qα)
q3α2 + qβγ + βγ − qαβγ − q2αβ − q2αγ
]
= 3φ2
[
q2α, β, γ
q3α,
q2αβγ(1−qα)
q3α2+qβγ+βγ−qαβγ−q2αβ−q2αγ
∣∣∣ q; q3α(1 − qα)
q3α2 + qβγ + βγ − qαβγ − q2αβ − q2αγ
]
×
(1 − qα)(β − q2α)(γ − q2α)
(1 − q2α)(q3α2 + q2αβγ + βγ − qαβγ − q2αβ − q2αγ)
.
Employing the substitutions α→ qα, β → qβ , γ → qγ for Proposition 16 and then letting q → 1,
we recover the following relation.
Corollary 17 ([12, Theorem 10], see also [4, Proposition 8]).
3F2
[
α, β, γ
α+ 1, 3 + 2α− β − γ + βγ
α+1
∣∣∣ 1
]
= 3F2
[
α+ 2, β, γ
α+ 3, 3 + 2α− β − γ + βγ
α+1
∣∣∣ 1
]
×
(1 + α)(α − β + 2)(α − γ + 2)
(2 + α)(2 + 3α+ α2 + βγ − αβ − αγ − β − γ)
.
3.3. A&B.
Let Eq⋆(2a) stand for Eq(2a) under the parameter replacements
a→ q2a, b→ qb, d→ qd.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(2a)
(1 − qa)(1 − d/c)(1 − d/e)b
(1− b)(1 − d)(qa − d)
with d =
ce(qa− b)
qab + ce− bc− be
.
With this specific value d, we can check that the right member of the last equation vanishes. After
some simplification, we obtain the following relation.
Theorem 18 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, ce(qa−b)
qab+ce−bc−be
∣∣∣ q; b(qa − b)
a(qab + ce− bc− be)
]
= 3φ2
[
q2a, c, e
qb,
qce(qa−b)
qab+ce−bc−be
∣∣∣ q; b(qa− b)
a(qab + ce− bc− be)
]
×
(1− qa)(b − c)(b− e)
(1− b)(qab + bce+ ce− bc− be− qace)
.
Performing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 18 and then letting
q → 1, we recover the following relation.
Corollary 19 ([4, Theorem 9]).
3F2
[
a, c, e
b, 1 + a − (1+a−c)(1+a−e)
1+a−b
∣∣∣ 1
]
= 3F2
[
a + 2, c, e
b+ 1, 2 + a− (1+a−c)(1+a−e)
1+a−b
∣∣∣ 1
]
×
(1 + a)(b − c)(b − e)
b(ab + ce+ b− c− e− ac− ae)
.
3.4. A&B.
Let Eq⋆(2a) stand for Eq(2a) under the parameter replacements
a→ qc, c→ qa, b→ d, d→ q2b.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(2a)
(b− a)(1 − c)(1− qb/e)
(1− b)(1 − qb)(1 − qa/d)c
with d =
qac(1− b)
a + c− ac− b
.
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With this specific value d, we can verify that the right member of the last equation vanishes. After
some simplification, we get the following relation.
Theorem 20 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, qac(1−b)
a+c−ac−b
∣∣∣ q; qb(1 − b)
(a + c− ac− b)e
]
= 3φ2
[
qa, qc, e
q2b, qac(1−b)
a+c−ac−b
∣∣∣ q; qb(1 − b)
(a + c− ac− b)e
]
qb− e
qbe− e
.
Employing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 20 and then letting
q → 1, we recover the following relation.
Corollary 21 ([4, Theorem 10]).
3F2
[
a, c, e
b, 1 + a+ c− ac
b
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e
b+ 2, 1 + a+ c− ac
b
∣∣∣ 1] 1 + b− e
1 + b
.
Specifying the parameters, in Theorem 20, by
a→ β, c→ γ, e→ βγ/α, b→
β + γ − α− βγ
1− α
,
we derive the following relation with one free parameter less.
Proposition 22 (Two-term contiguous relation of 3φ2-series).
3φ2
[
βγ/α, β, γ
qβγ
α
, β+γ−α−βγ
1−α
∣∣∣ q; q(β + γ − α− βγ)
(1 − α)βγ
]
= 3φ2
[
βγ/α, qβ, qγ
qβγ
α
,
q2(β+γ−α−βγ)
1−α
∣∣∣ q; q(β + γ − α− βγ)
(1− α)βγ
]
×
α(qα + qβγ − βγ − qβ − qγ) + βγ
α(1 + qα+ qβγ − α− qβ − qγ)
.
Performing the substitutions α→ qα, β → qβ , γ → qγ for Proposition 22 and then letting q → 1,
we recover the following relation.
Corollary 23 ([12, Theorem 9], see also [4, Proposition 11]).
3F2
[
β + γ − α, β, γ
β + γ − α+ 1, βγ
α
∣∣∣ 1] = 3F2
[
β + γ − α, β + 1, γ + 1
β + γ − α+ 1, βγ
α
+ 2
∣∣∣ 1] α+ α2 + βγ − αβ − αγ
α+ βγ
.
3.5. A&C.
Let Eq⋆(3a) stand for Eq(3a) under the parameter replacements
a→ qa, c→ c/q, e→ e/q, d→ d/q.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(3a)
1− d/q
1− d/qa
with b =
qce(a− 1)
q2a + ce− qc− qe
.
With this specific value b, we can check that the right member of the last equation vanishes. After
some simplification, we deduce the following relation.
Theorem 24 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
d, qce(a−1)
q2a+ce−qc−qe
∣∣∣ q; qd(a − 1)
a(q2a+ ce− qc− qe)
]
= 3φ2
[
qa, c/q, e/q
d/q,
qce(a−1)
q2a+ce−qc−qe
∣∣∣ q; qd(a − 1)
a(q2a+ ce− qc− qe)
]
1− d/q
1− d/qa
.
Employing the substitutions a → qa, c → qc, d → qd, e → qe for Theorem 24 and then letting
q → 1, we recover the following relation.
Corollary 25 ([4, Theorem 12]).
3F2
[
a, c, e
d, c+ e− 1− (1−c)(1−e)
a
∣∣∣ 1
]
= 3F2
[
a+ 1, c− 1, e− 1
d− 1, c+ e− 1− (1−c)(1−e)
a
∣∣∣ 1
]
1− d
1 + a− d
.
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3.6. A&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ c, c→ q2a, e→ qe, b→ q2b, d→ qd.
Then consider the linear combination of two equations
Eq(1a)− Eq⋆(4a)
(1 − qa)(1 − qb/c)(1 − d/c)(1 − e)b
(1 − b)(1 − d)(1 − qb)(1 − qa/d)e
with d =
qace(b− 1)
qabe+ bc− qab− ce
.
With this specific value d, we can verify that the right member of the last equation vanishes. After
some simplification, we attain the following relation.
Theorem 26 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b,
qace(b−1)
qabe+bc−qab−ce
∣∣∣ q; qb(b− 1)
qabe+ bc− qab − ce
]
= 3φ2
[
q2a, c, qe
q2b,
q2ace(b−1)
qabe+bc−qab−ce
∣∣∣ q; qb(b− 1)
qabe+ bc− qab− ce
]
×
(1− qa)(b − e)(c− qb)
(1 − qb)(qabe + qace+ bc− qabce− qab− ce)
.
Performing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 26 and then letting
q → 1, we recover the following relation.
Corollary 27 ([4, Theorem 13]).
3F2
[
a, c, e
b, 1 + a+
e(c−a−1)
b
∣∣∣ 1
]
= 3F2
[
a+ 2, c, e+ 1
b+ 2, 2 + a+
e(c−a−1)
b
∣∣∣ 1
]
×
(1 + a)(b − e)(1 + b− c)
(1 + b)(ab + ce+ b− ae− e)
.
3.7. B&C.
Let Eq⋆(3a) stand for Eq(3a) under the parameter replacements
a→ c, c→ a/q2, e→ e/q, b→ b/q, d→ d/q2.
Then consider the linear combination of two equations
Eq(2a)− Eq⋆(3a)
(1− q/b)(1 − q/d)(1 − q2/d)ce
(1 − q/a)(1 − qc/d)(1 − qe/d)q
with d =
q3ce(a− b)
qab+ qace− q2bc− abe
.
With this specific value d, we can check that the right member of the last equation vanishes. After
some simplification, we achieve the following relation.
Theorem 28 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b,
q3ce(a−b)
qab+qace−q2bc−abe
∣∣∣ q; q3b(a − b)
a(qab + qace− q2bc− abe)
]
= 3φ2
[
a/q2, c, e/q
b/q,
qce(a−b)
qab+qace−q2bc−abe
∣∣∣ q; q3b(a− b)
a(qab + qace− q2bc− abe)
]
×
(a− qc)(q − b)(qab + qace+ q2bce− q2ace− q2bc− abe)
(q − a)(b − qc)(qab+ qace+ q2be− q2ae− q2bc− abe)
.
Employing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 28 and then letting
q → 1, we recover the following relation.
Corollary 29 ([4, Theorem 14]).
3F2
[
a, c, e
b, 2 + (1−e)(1+c−a)
a−b
∣∣∣ 1
]
= 3F2
[
a− 2, c, e− 1
b− 1, (1−e)(1+c−a)
a−b
∣∣∣ 1
]
×
(1 − b)(1 + c− a)(1 + c+ ae− ce− b− e)
(1− a)(1 + c− b)(1 + c+ ae+ bc− ac− ce− b− e)
.
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3.8. C&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
c→ q2c, e→ q2e, b→ q2b, d→ q2d.
Then consider the linear combination of two equations
Eq(3a)− Eq⋆(4a)
(1−qc)(1−qe)(1−qb/a)(qd/a−1)bd
(1−b)(1−d)(1−qb)(1−qd)qce
with d =
qace(1−b)
qace+qbc+qbe−qbce−q2bce−ab
.
With this specific value d, we can verify that the right member of the last equation vanishes. After
some simplification, we establish the following relation.
Theorem 30 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, qace(1−b)
qace+qbc+qbe−qbce−q2bce−ab
∣∣∣ q; qb(1 − b)
qace+ qbc+ qbe− qbce− q2bce− ab
]
= 3φ2
[
a, q2c, q2e
q2b,
q3ace(1−b)
qace+qbc+qbe−qbce−q2bce−ab
∣∣∣ q; qb(1 − b)
qace+ qbc+ qbe− qbce− q2bce− ab
]
×
(qb−a)(1−qc)(1−qe)(qace+qbc+qbe−qbce−q2ce−ab)
(1−qb)(qace+qc+qe−qce−q2ce−a)(q2abce+qace+qbc+qbe−q2ace−q2bce−qbce−ab)
.
Performing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 30 and then letting
q → 1, we recover the following relation.
Corollary 31 ([4, Theorem 15]).
3F2
[
a, c, e
b, (a−1)(c+e+1)−ce
b
∣∣∣ 1
]
= 3F2
[
a, c+ 2, e+ 2
b+ 2, 2 + (a−1)(c+e+1)−ce
b
∣∣∣ 1
]
×
(1 + c)(1 + e)(a − b− 1){(c + e− b+ 1)(a − 1)− ce}
(b + 1){(a − 1)(c + e+ 1) − ce}{b− ce+ (a − 1)(c + e+ 1)}
.
3.9. C&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ qc, c→ qa, e→ q2e, b→ q2b, d→ q2d.
Then consider the linear combination of two equations
Eq(3a)− Eq⋆(4a)
(1 − a)(b − c)(c− d)(1 − qe) bd
(1 − b)(1 − d)(1 − qb)(1 − qd) ac2e
with d =
ac(b− 1)
ab + bc− ac− b
.
With this specific value d, we can check that the right member of the last equation vanishes. After
some simplification, we found the following relation.
Theorem 32 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, ac(b−1)
ab+bc−ac−b
∣∣∣ q; b(b− 1)
(ab + bc− ac− b)e
]
= 3φ2
[
qa, qc, q2e
q2b,
q2ac(b−1)
ab+bc−ac−b
∣∣∣ q; b(b − 1)
(ab + bc− ac− b)e
]
×
(a− b)(b − c)(1 − qe)
e(1 − qb)(ab + bc+ qac− qabc− ac− b)
.
Employing the substitutions a → qa, b → qb, c → qc, e → qe for Theorem 32 and then letting
q → 1, we recover the following relation.
Corollary 33 ([4, Theorem 16]).
3F2
[
a, c, e
b, ac
b
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e+ 2
b+ 2, 2 + ac
b
∣∣∣ 1] (a − b)(1 + e)(c− b)
(1 + b)(b + ac)
.
4. Nineteen three-term contiguous relations of 3φ2-series
By comparing two patterns of A, B, C and D, we offer other nineteen three-term contiguous
relations of 3φ2-series. They produce several two-term contiguous relations of 3φ2-series which
are different from the ones before.
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4.1. A&A.
Let Eq⋆(1b) stand for Eq(1b) under the parameter replacements
a→ c/q, c→ qa, b→ d/q, d→ qb.
Then for an arbitrary variable Yq, the difference Eq(1b)− Yq × Eq⋆(1b) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, c/q, e
qb, d/q
∣∣∣ q; bd
ace
]
=
(
Aq −A
⋆
qYq
)
× 4φ3

qa, c, e, q
(
1−
Aq−A
⋆
qYq
Aq−A⋆qYq
)
qb, d,
(
1−
Aq−A
⋆
qYq
Aq−A⋆qYq
) ∣∣∣ q; bd
qace

 , (5)
where the following notations have been used for coefficients
A⋆q = Aq(c/q, qa, e; d/q, qb),
A
⋆
q = Aq(c/q, qa, e; d/q, qb)
with Aq and Aq being defined in Theorem 2. Solving the equation 1 −
Aq−A
⋆
qYq
Aq−A⋆qYq
= b associated
with the variable Yq, we obtain from equation (5) the following relation.
Theorem 34 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, c/q, e
qb, d/q
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(b − c)(b − e)(q − d)(qb − c)ad
(b − 1)(qa − d)(q2abe+ acde+ b2d− bde− qabd − qabce)c
,
Zq =
(qace− bd)(q2abe+ acde+ bcd− cde− qabd− qabce)
(qa− d)(q2abe+ acde+ b2d− bde− qabd − qabce)ce
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 34 and then
letting q → 1, we recover the following relation.
Corollary 35 ([4, Theorem 19]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c− 1, e
b+ 1, d− 1
∣∣∣ 1]+ Z 3F2
[
a + 1, c, e
b, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(1 + b− c)(b− c)(b− e)(1− d)
b(1 + a− d)(1 + b2 + ae+ cd+ e− c− d− ab − bc− be)
,
Z =
(1 + a+ c+ e− b− d)(1 + ae+ cd+ e− c− d− ab − ce)
(1 + a− d)(1 + b2 + ae+ cd+ e− c− d− ab− bc− be)
.
Specifying the parameter b→ qa in Theorem 34 and using q-Gauss summation formula (cf. [5, p.
14]):
2φ1
[
a, b
c
∣∣∣ q; c
ab
]
=
[
c/a, c/b
c, c/ab
∣∣∣ q]
∞
where |c/ab| < 1, (6)
we get the following relation with one free parameter less.
Proposition 36 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, c/q, e
q2a, d/q
∣∣∣ q; qd
ce
]
(qa − c)(qa − e)(q − d)(q2a− c)d
(qa− 1)(q − c)(qa − d)(q2a− d)ce
+
[
d/c, d/e
d, qd/ce
∣∣∣ q]
∞
(q3a2e+ qacd+ acde− cde− q2a2d− q2a2ce)q
(q − c)(qa− d)(q2a− d)e
.
Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 36 and then letting
q → 1, we recover the following relation.
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Corollary 37 ([12, Proposition 1], see also [4, Proposition 20]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a+ 1, c− 1, e
a+ 2, d− 1
∣∣∣ 1] (1 + a− c)(2 + a− c)(1 + a− e)(d − 1)
(1 + a)(c − 1)(1 + a − d)(2 + a− d)
+ Γ
[
d, d− c− e+ 1
d− c, d− e
]
(1 + ae+ cd+ e− a− a2 − c− d− ce)
(c− 1)(1 + a− d)(2 + a− d)
,
where Γ-function is given by
Γ(s) =
∫ ∞
0
xs−1e−xdx with Re(s) > 0
and the abbreviated expression on Γ-function is
Γ
[
α, β, · · · , γ
A, B, · · · , C
]
=
Γ(α)Γ(β) · · ·Γ(γ)
Γ(A)Γ(B) · · ·Γ(C)
.
4.2. A&A.
Let Eq⋆(1a) stand for Eq(1a) under the parameter replacements
a→ c/q, c→ qa.
Then for an arbitrary variable Yq, the difference Eq(1a) − Yq × Eq⋆(1a) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
=
(
Aq −A
⋆
qYq
)
× 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
+
(
Aq − A
⋆
qYq
)
× 3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
, (7)
where the following notations have been used for coefficients
A⋆q = Aq(c/q, qa, e; b, d),
A
⋆
q = Aq(c/q, qa, e; b, d)
with Aq and Aq being defined in Theorem 2. Solving the equation Aq −A⋆qYq = 0 associated with
the variable Yq, we derive from equation (7) the following relation.
Theorem 38 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(c− d)qa
(qa− d)c
, Zq =
(b− e)(qa − c)d
(b − 1)(qa − d)ce
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 38 and then
letting q → 1, we recover the following relation.
Corollary 39 ([4, Theorem 21]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c− 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a + 1, c, e
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
c− d
1 + a − d
, Z =
(b − e)(1 + a − c)
b(1 + a− d)
.
Specifying the parameter b → qa in Theorem 38 and using q-Gauss summation formula (6), we
deduce the following relation with one free parameter less.
Proposition 40 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, c, e
q2a, d
∣∣∣ q; qd
ce
]
(qa − c)(qa − e)d
(qa− 1)(qa − d)ce
+
[
d/c, d/e
d, qd/ce
∣∣∣ q]
∞
qa
qa− d
.
Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 40 and then letting
q → 1, we recover the following relation.
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Corollary 41 ([12, Proposition 3], see also [4, Proposition 22]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a+ 1, c, e
a + 2, d
∣∣∣ 1] (1 + a − c)(1 + a− e)
(1 + a)(1 + a− d)
− Γ
[
d, d− c− e+ 1
d− c, d− e
]
1
1 + a − d
.
Instead, solving the equation Aq − A⋆qYq = 0 associated with the variable Yq, we attain from
equation (7) the following relation.
Theorem 42 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(c− d)(qabce + bd+ cde− bcd− bde− qace)qa
(qa − d)(qabce + bd+ qade − qabd − bde− qace)c
,
Zq =
(1 − c)(1 − e)(1 − qa)(c − qa)(b − e)(qace− bd)bd2
(1 − b)(1 − d)(1 − qb)(qa − d)(qabce + bd + qade− qabd− bde− qace)qac2e2
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 42 and then
letting q → 1, we recover the following relation.
Corollary 43 ([4, Theorem 23]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a + 1, c− 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a+ 2, c+ 1, e+ 1
b+ 2, d+ 1
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(c− d)(b + ab+ ce− bd)
(1 + a− d)(bc + ae+ e− bd)
,
Z =
ce(1 + a)(b − e)(1 + a − c)(1 + a+ c+ e− b− d)
bd(1 + b)(1 + a− d)(bd − bc− ae− e)
.
Remark: There is a tiny mistake in the original equation due to Chu and Wang [4, Theorem 23].
We have added a minus for the coefficient of the first 3F2-series on the right hand side.
Specifying the parameter b → qa in Theorem 42 and using q-Gauss summation formula (6), we
achieve the following relation with one free parameter less.
Proposition 44 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
q2a, qc, qe
q3a, qd
∣∣∣ q; d
ce
]
(1− c)(1− e)(qa− c)(qa− e)d2
(1 − d)(1 − qa)(1 − q2a)(qa − d)c2e2
+
[
d/c, d/e
d, d/ce
∣∣∣ q]
∞
(qad + cde+ q2a2ce− qacd− qace− qade)
(qa − 1)(qa − d)ce
.
Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 44 and then letting
q → 1, we recover the following relation.
Corollary 45 ([4, Proposition 24]).
3F2
[
a, c, e
a + 1, d
∣∣∣ 1] = 3F2
[
a+ 2, c+ 1, e+ 1
a + 3, d+ 1
∣∣∣ 1] ce(1 + a− c)(1 + a− e)
d(1 + a)(2 + a)(d − a− 1)
+ Γ
[
d, d− c− e
d− c, d− e
]
(1 + a2 + 2a+ ce− d− ad)
(1 + a)(1 + a− d)
.
Taking d =
qace(1−qa)
qa+ce−qac−qae
in Proposition 44, we establish the following relation.
Proposition 46 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa,
qace(1−qa)
qa+ce−qac−qae
∣∣∣ q; q2a(1 − qa)
qa+ ce− qac− qae
]
= 3φ2
[
q2a, qc, qe
q3a,
q2ace(1−qa)
qa+ce−qac−qae
∣∣∣ q; qa(1 − qa)
qa+ ce− qac− qae
]
×
(1 − qa)(qa − c)(qa− e)
(1 − q2a)(qa + ce+ q2a2ce− qac− qae− qace)
.
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Performing the substitutions a → qa, c → qc, e → qe for Proposition 46 and then letting q → 1,
we recover the following relation.
Corollary 47 ([4, Corollary 25]).
3F2
[
a, c, e
a+ 1, 1 + a+ ce
1+a
∣∣∣ 1] = 3F2
[
a+ 2, c+ 1, e+ 1
a+ 3, 2 + a+ ce
1+a
∣∣∣ 1]
×
(1 + a)(1 + a− c)(1 + a− e)
(2 + a)(1 + 2a + a2 + ce)
.
4.3. A&A.
Let Eq⋆(1b) stand for Eq(1b) under the parameter replacements
b→ d/q, d→ qb.
Then for an arbitrary variable Yq, the difference Eq(1b)− Yq × Eq⋆(1b) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
=
(
Aq −A
⋆
qYq
)
× 4φ3

qa, c, e, q
(
1−
Aq−A
⋆
qYq
Aq−A⋆qYq
)
qb, d,
(
1−
Aq−A
⋆
qYq
Aq−A⋆qYq
) ∣∣∣ q; bd
qace

 , (8)
where the following notations have been used for coefficients
A⋆q = Aq(a, c, e; d/q, qb),
A
⋆
q = Aq(a, c, e; d/q, qb)
with Aq and Aq being defined in Theorem 2. Solving the equation 1 −
Aq−A
⋆
qYq
Aq−A⋆qYq
= b associated
with the variable Yq, we found from equation (8) the following relation.
Theorem 48 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a− b)(b − c)(b − e)(d − q)d
(1− b)(qa − d)(qabce + bcd+ bde− b2d− acde− qbce)
,
Zq =
(1− a)(d − qb)(qace− bd)
(qa− d)(qabce + bcd+ bde− b2d− acde− qbce)
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 48 and then
letting q → 1, we recover the following relation.
Corollary 49 ([4, Theorem 26]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a, c, e
b+ 1, d− 1
∣∣∣ 1]+ Z 3F2
[
a+ 1, c, e
b, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(a − b)(b− c)(b− e)(1 − d)
b(1 + a − d)(a + ab+ bc+ be− b2 − ce− ad)
,
Z =
a(1 + b− d)(1 + a+ c+ e− b− d)
(1 + a− d)(a + ab+ bc+ be− b2 − ce− ad)
.
Specifying the parameter b → qa in Theorem 48 and using q-Gauss summation formula (6), we
obtain the following relation with one free parameter less.
Proposition 50 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
a, c, e
q2a, d/q
∣∣∣ q; qd
ce
]
(1 − q)(q − d)(qa − c)(qa− e)d
(1−qa)(qa−d)(q2ad+q2ce+cde−qcd−qde−q2ace)
+
[
d/c, d/e
d, d/ce
∣∣∣ q]
∞
(1 − a)(ce− d)(q2a− d)q
(qa − d)(q2ad + q2ce+ cde− qcd− qde− q2ace)
.
Performing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 50 and then letting
q → 1, we recover the following relation.
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Corollary 51 ([4, Proposition 27]).
3F2
[
a, c, e
a + 1, d
∣∣∣ 1] = 3F2
[
a, c, e
a + 2, d− 1
∣∣∣ 1] (1 + a− c)(1 + a− e)(d − 1)
(1 + a)(1 + a− d)(ac + ae+ c+ e− ce− ad− 1)
+ Γ
[
d, d− c− e
d− c, d− e
]
a(2 + a− d)(c+ e− d)
(1 + a − d)(ac + ae+ c+ e− ce− ad− 1)
.
4.4. A&A. Let Eq⋆(1a) stand for Eq(1a) under the parameter replacements
b→ d/q, d→ qb.
Then for an arbitrary variable Yq, the difference Eq(1a) − Yq × Eq⋆(1a) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
=
(
Aq −A
⋆
qYq
)
× 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
+
(
Aq − A
⋆
qYq
)
× 3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
, (9)
where the following notations have been used for coefficients
A⋆q = Aq(a, c, e; d/q, qb),
A
⋆
q = Aq(a, c, e; d/q, qb)
with Aq and Aq being defined in Theorem 2. Solving the equation Aq −A⋆qYq = 0 associated with
the variable Yq, we get from equation (9) the following relation.
Theorem 52 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a− b)(q − d)
(1 − b)(qa − d)
, Zq =
(1− a)(qb − d)
(1− b)(qa − d)
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 52 and then
letting q → 1, we recover the following relation.
Corollary 53 ([4, Theorem 28]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a, c, e
b+ 1, d− 1
∣∣∣ 1]+ Z 3F2
[
a+ 1, c, e
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(a − b)(d − 1)
b(1 + a− d)
, Z =
a(1 + b− d)
b(1 + a− d)
.
Specifying the parameter d → qc in Theorem 52 and using q-Gauss summation formula (6), we
derive the following relation with one free parameter less under the replacements a→ c, c→ a.
Proposition 54 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, b
∣∣∣ q; qb
ce
]
= 3φ2
[
a, qc, e
qa, qb
∣∣∣ q; qb
ce
]
(a− b)(1 − c)
(a− c)(1− b)
+
[
b/c, qb/e
b, qb/ce
∣∣∣ q]
∞
(a − 1)c
a − c
.
Performing the substitutions a→ qa, b→ qb, c→ qc, e→ qe for Proposition 54 and then letting
q → 1, we recover the following relation.
Corollary 55 ([4, Proposition 29]).
3F2
[
a, c, e
a+ 1, b
∣∣∣ 1] = 3F2
[
a, c+ 1, e
a+ 1, b+ 1
∣∣∣ 1] (a − b)c
(a − c)b
+ Γ
[
b, b− c− e+ 1
b− c, b− e+ 1
]
a
a− c
.
Instead, solving the equation Aq − A⋆qYq = 0 associated with the variable Yq , we deduce from
equation (9) the following relation.
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Theorem 56 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a − b)(q − d)(qabce + cde+ bd− bcd− bde− qace)
(1− b)(qa − d)(qbce + acde+ bd− bcd− bde− qace)
,
Zq =
(1 − a)(1 − c)(1 − e)(1 − qa)(qb − d)(qace− bd)bd
(1− b)(1 − d)(1 − qb)(qa − d)(qbce+ acde+ bd− bcd− bde− qace)qace
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 56 and then
letting q → 1, we recover the following relation.
Corollary 57 ([4, Theorem 30]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a, c, e
b+ 1, d− 1
∣∣∣ 1]+ Z 3F2
[
a+ 2, c+ 1, e+ 1
b+ 2, d+ 1
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(a− b)(d − 1)(bd − ab− ce− b)
b(1 + a − d)(a + bd− ad− ce− b)
,
Z =
ace(1 + a)(1 + b− d)(1 + a+ c+ e− b− d)
bd(1 + b)(1 + a− d)(a + bd− ad− ce− b)
.
Specifying the parameter b → c in Theorem 56 and using q-Gauss summation formula (6), we
attain the following relation with one free parameter less under the replacements a → c, c →
a, d→ qd.
Proposition 58 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, q2c, qe
q2a, q2d
∣∣∣ q; d
ce
]
(1 − c)(1 − e)(1 − qc)(a − d)d
(1− d)(1 − qd)(1 − qa)(c− a)ce
+
[
d/c, qd/e
d, d/ce
∣∣∣ q]
∞
(ae+ cde+ d− ad − de− ce)
(a − c)e
.
Performing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 58 and then letting
q → 1, we recover the following relation.
Corollary 59 ([4, Proposition 31]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a+ 1, c+ 2, e+ 1
a+ 2, d+ 2
∣∣∣ 1] ce(1 + c)(a− d)
d(1 + a)(1 + d)(c − a)
+ Γ
[
d, d− c− e
d− c, d− e+ 1
]
(ad − cd− ae)
(a − c)
.
Taking d =
e(c−a)
1+ce−a−e
in Proposition 58, we achieve the following relation.
Proposition 60 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, e(c−a)
1+ce−a−e
∣∣∣ q; q(c− a)
c(1 + ce− a − e)
]
= 3φ2
[
qa, q2c, qe
q2a,
q2e(c−a)
1+ce−a−e
∣∣∣ q; c− a
c(1 + ce− a− e)
]
×
(1− c)(1− qc)(a− ce)
(1 − qa)(1 + ce+ qae− qce− a− e)c
.
Employing the substitutions a → qa, c → qc, e → qe for Proposition 60 and then letting q → 1,
we recover the following relation.
Corollary 61 ([4, Corollary 32]).
3F2
[
a, c, e
a+ 1, ae
a−c
∣∣∣ 1] = 3F2
[
a + 1, c+ 2, e+ 1
a+ 2, 2 + ae
a−c
∣∣∣ 1] c(1 + c)(c+ e− a)
(1 + a)(a + ae− c)
.
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4.5. A&B.
Let Eq⋆(2b) stand for Eq(2b) under the parameter replacements
a→ qc, c→ qa, b→ d, d→ q2b.
Then for an arbitrary variable Yq, the difference Eq(1b)− Yq × Eq⋆(2b) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, qc, e
q2b, d
∣∣∣ q; bd
ace
]
=
(
Aq − B
⋆
qYq
)
× 4φ3

qa, c, e, q
(
1−
Aq−B
⋆
qYq
Aq−B⋆qYq
)
qb, d,
(
1−
Aq−B
⋆
qYq
Aq−B⋆qYq
) ∣∣∣ q; bd
qace

 , (10)
where the following notations have been used for coefficients
B⋆q = Bq(qc, qa, e; d, q
2b),
B
⋆
q = Bq(qc, qa, e; d, q
2b)
with Bq and Bq being defined in Theorem 4. Solving the equation 1 −
Aq−B
⋆
qYq
Aq−B⋆qYq
= e associated
with the variable Yq, we establish from equation (10) the following relation.
Theorem 62 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, qc, e
q2b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, qe
qb, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(1− c)(b− a)(b − e)(qb− e)(qae− d)d
(1− b)(1 − qb)(qa − d)(qace+ acde+ bde− ade− bcd− qace2)e
,
Zq =
(1− e)(qace− bd)(qabc + ad + cd− bd − acd− qac)
(1− b)(d − qa)(qace + acde+ bde− ade− bcd− qace2)c
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 62 and then
letting q → 1, we recover the following relation.
Corollary 63 ([4, Theorem 33]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c+ 1, e
b+ 2, d
∣∣∣ 1]+ Z 3F2
[
a+ 1, c, e+ 1
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
c(a− b)(b − e)(1 + b− e)(1 + a+ e− d)
b(1 + b)(1 + a − d)(ac + be+ de− ae− e− e2 − bc)
,
Z =
e(b+ d− a− c− e− 1)(b + ab+ bc− bd− ac)
b(1 + a− d)(ac + be+ de− ae− e− e2 − bc)
.
Specifying the parameter d → qe in Theorem 62 and using q-Gauss summation formula (6), we
found the following relation with one free parameter less.
Proposition 64 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, qe
∣∣∣ q; qb
ac
]
= 3φ2
[
qa, qc, e
q2b, qe
∣∣∣ q; qb
ac
]
(1− a)(1 − c)(b− e)(qb− e)
(1− b)(1 − qb)(a − e)(c− e)
+
[
qb/a, qb/c
b, qb/ac
∣∣∣ q]
∞
(e− 1)(abc + ae+ ce− ac− be− ace)
(a − e)(c− e)
.
Employing the substitutions a→ qa, b → qb, c → qc, e → qe for Proposition 64 and then letting
q → 1, we recover the following relation.
Corollary 65 ([12, Proposition 2], see also [4, Proposition 34]).
3F2
[
a, c, e
b, e+ 1
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e
b+ 2, e+ 1
∣∣∣ 1] ac(b− e)(1 + b− e)
b(1 + b)(a − e)(c− e)
+ Γ
[
b, b− a− c+ 1
b− a+ 1, b− c+ 1
]
e(ac+ be− ab − bc)
(a − e)(c− e)
.
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Instead, solving the equation 1 −
Aq−B
⋆
qYq
Aq−B⋆qYq
= b associated with the variable Yq, we obtain from
equation (10) the following relation.
Theorem 66 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, qc, e
q2b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a− b)(b − c)(1 − c)(b − e)(qb − e)d2
(1− b)(1 − qb)(qa − d)(qabce+ ade+ bcd− b2d− acde− qace)ce
,
Zq =
(qace− bd)(qabc + ad + cd− bd− acd− qac)
(qa− d)(qabce+ ade+ bcd− b2d− acde− qace)c
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 66 and then
letting q → 1, we recover the following relation.
Corollary 67 ([4, Theorem 35]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c+ 1, e
b+ 2, d
∣∣∣ 1]+ Z 3F2
[
a + 1, c, e
b, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(a− b)(b − c)(b − e)(1 + b− e)c
b(1 + b)(1 + a− d)(ac + ce+ bd+ b2 − b− ab − be− 2bc)
,
Z =
(b+ d− a− c− e− 1)(ab + bc+ b− bd− ac)
(1 + a − d)(ac + ce+ bd+ b2 − b− ab − be− 2bc)
.
Remark: There is a tiny mistake in the original equation due to Chu and Wang [4, Theorem 35].
We have changed the parameter e + 1 into e for the last 3F2-series. The similar changes should
also be used in Chu and Wang [4, Proposition 36 and Corollary 37].
Specifying the parameter b → qa in Theorem 66 and using q-Gauss summation formula (6), we
get the following relation with one free parameter less.
Proposition 68 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, qc, e
q3a, d
∣∣∣ q; qd
ce
]
(1−q)(1−c)(qa−c)(qa−e)(q2a−e)d2
(qa−d)(qa−1)(q2a−1)(q2ace+qcd+de−cde−qce−q2ad)ce
+
[
d/c, d/e
d, qd/ce
∣∣∣ q]
∞
qe(q2a2c+ ad+ cd− acd− qac− qad)
(qa − d)(q2ace+ qcd+ de− cde− qce− q2ad)
.
Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 68 and then letting
q → 1, we recover the following relation.
Corollary 69 ([4, Proposition 36]).
3F2
[
a, c, e
a + 1, d
∣∣∣ 1] = 3F2
[
a + 1, c+ 1, e
a + 3, d
∣∣∣ 1] c(1+a−c)(1+a−e)(2+a−e)(a+1)(a+2)(1+a−d)(ac+ae+2c+e−d−ad−ce)
+ Γ
[
d, d− c− e+ 1
d− c, d− e
]
(1 + 2a + a2 + c− d− ad)
(d− a− 1)(ac + ae+ 2c+ e− d− ad − ce)
.
Taking d = qac(qa−1)
qa+ac−a−c
in Proposition 68, we derive the following relation.
Proposition 70 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa,
qac(qa−1)
qa+ac−a−c
∣∣∣ q; q2a(qa − 1)
e(qa+ ac− a− c)
]
= 3φ2
[
qa, qc, e
q3a,
qac(qa−1)
qa+ac−a−c
∣∣∣ q; q2a(qa − 1)
e(qa + ac− a − c)
]
×
(q2a− e)
(q2a− 1)e
.
Performing the substitutions a → qa, c → qc, e → qe for Proposition 70 and then letting q → 1,
we recover the following relation.
Corollary 71 ([4, Corollary 37]).
3F2
[
a, c, e
a+ 1, 1 + a+ c
1+a
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e
a+ 3, 1 + a+ c
1+a
∣∣∣ 1] (2 + a− e)
(2 + a)
.
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4.6. A&B.
Let Eq⋆(2b) stand for Eq(2b) under the parameter replacements
a→ qc, c→ qa, b→ qb, d→ qd.
Then for an arbitrary variable Yq, the difference Eq(1b)− Yq × Eq⋆(2b) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, qc, e
qb, qd
∣∣∣ q; bd
ace
]
=
(
Aq − B
⋆
qYq
)
× 4φ3

qa, c, e, q
(
1−
Aq−B
⋆
qYq
Aq−B⋆qYq
)
qb, d,
(
1−
Aq−B
⋆
qYq
Aq−B⋆qYq
) ∣∣∣ q; bd
qace

 , (11)
where the following notations have been used for coefficients
B⋆q = Bq(qc, qa, e; qb, qd),
B
⋆
q = Bq(qc, qa, e; qb, qd)
with Bq and Bq being defined in Theorem 4. Solving the equation 1 −
Aq−B
⋆
qYq
Aq−B⋆qYq
= b associated
with the variable Yq, we deduce from equation (11) the following relation.
Theorem 72 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, qc, e
qb, qd
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(1− c)(b− e)(d − e)bd
(1 − b)(1 − d)(qae − bd)ce
, Zq =
(qace− bd)
(qae− bd)c
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 72 and then
letting q → 1, we recover the following relation.
Corollary 73 ([4, Theorem 38]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c+ 1, e
b+ 1, d+ 1
∣∣∣ 1]+ Z 3F2
[
a + 1, c, e
b, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
c(b− e)(e− d)
bd(1 + a+ e− b− d)
, Z =
(1 + a+ c+ e− b− d)
(1 + a+ e− b− d)
.
Specifying the parameter b → qa in Theorem 72 and using q-Gauss summation formula (6), we
attain the following relation with one free parameter less.
Proposition 74 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, qc, e
q2a, qd
∣∣∣ q; qd
ce
]
(qa− e)(1 − c)d
(qa − 1)(1 − d)ce
+
[
d/c, qd/e
d, qd/ce
∣∣∣ q]
∞
.
Performing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 74 and then letting
q → 1, we recover the following relation.
Corollary 75 ([4, Proposition 39]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e
a+ 2, d+ 1
∣∣∣ 1] (1 + a − e)c
(1 + a)d
+ Γ
[
d, d− c− e+ 1
d− c, d− e+ 1
]
.
4.7. A&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ qa, c→ qc, e→ qe, b→ q2b, d→ qd.
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Then for an arbitrary variable Yq, the difference Eq(1a) − Yq × Eq⋆(4a) results in relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, qc, qe
q2b, qd
∣∣∣ q; bd
ace
]
=
(
Aq −D
⋆
qYq
)
× 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
+
(
Aq − D
⋆
qYq
)
× 3φ2
[
q2a, qc, qe
q2b, qd
∣∣∣ q; bd
qace
]
, (12)
where the following notations have been used for coefficients
D⋆q = Dq(qa, qc, qe; q
2b, qd),
D
⋆
q = Dq(qa, qc, qe; q
2b, qd)
with Dq and Dq being defined in Theorem 8. Solving the equation Aq −D⋆qYq = 0 associated with
the variable Yq, we achieve from equation (12) the following relation.
Theorem 76 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= 3φ2
[
qa, qc, qe
q2b, qd
∣∣∣ q; bd
ace
]
(a − b)(1 − c)(1− e)bd
(1 − b)(1 − qb)(d − 1)ace
+ 3φ2
[
qa, c, e
qb, d
∣∣∣ q; bd
ace
]
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 76 and then
letting q → 1, we recover the following relation.
Corollary 77 ([4, Theorem 40]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = 3F2
[
a+ 1, c+ 1, e+ 1
b+ 2, d+ 1
∣∣∣ 1] (a− b)ce
(1 + b)bd
+ 3F2
[
a+ 1, c, e
b+ 1, d
∣∣∣ 1] .
Specifying the parameter d → qa in Theorem 76 and using q-Gauss summation formula (6), we
establish the following relation with one free parameter less.
Proposition 78 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, b
∣∣∣ q; qb
ce
]
= 3φ2
[
qa, qc, qe
q2a, q2b
∣∣∣ q; qb
ce
]
(a − b)(1 − c)(1− e)qb
(1 − b)(1 − qb)(qa − 1)ce
+
[
qb/c, qb/e
qb, qb/ce
∣∣∣ q]
∞
.
Performing the substitutions a→ qa, b→ qb, c→ qc, e→ qe for Proposition 78 and then letting
q → 1, we recover the following relation.
Corollary 79 ([4, Proposition 41]).
3F2
[
a, c, e
a+ 1, b
∣∣∣ 1] = 3F2
[
a + 1, c+ 1, e+ 1
a + 2, b+ 2
∣∣∣ 1] (a − b)ce
(1 + a)(1 + b)b
+ Γ
[
b+ 1, b− c− e+ 1
b− c+ 1, b− e+ 1
]
.
4.8. B&B.
Let Eq⋆(2a) stand for Eq(2a) under the parameter replacements
a→ qc, c→ a/q.
Then for an arbitrary variable Yq, the difference Eq(2a) − Yq × Eq⋆(2a) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a/q, qc, e
b, d
∣∣∣ q; bd
ace
]
=
(
Bq −B
⋆
qYq
)
× 3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+
(
Bq − B
⋆
qYq
)
× 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
, (13)
where the following notations have been used for coefficients
B⋆q = Bq(qc, a/q, e; b, d),
B
⋆
q = Bq(qc, a/q, e; b, d)
with Bq and Bq being defined in Theorem 4. Solving the equation Bq −B⋆qYq = 0 associated with
the variable Yq, we found from equation (13) the following relation.
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Theorem 80 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a/q, qc, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a − d)(qce− d)
(ae − d)(qc − d)
, Zq =
(1 − e)(a − qc)(qace− bd)d
(1 − b)(ae − d)(qc− d)qace
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 80 and then
letting q → 1, we recover the following relation.
Corollary 81 ([4, Theorem 42]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a− 1, c+ 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(a − d)(1 + c+ e− d)
(a + e− d)(1 + c− d)
, Z =
e(1 + c− a)(b + d− a − c− e− 1)
b(1 + c− d)(a + e− d)
.
Specifying the parameter b → a in Theorem 80 and using q-Gauss summation formula (6), we
obtain the following relation with one free parameter less under replacements a→ qa, c→ c/q.
Proposition 82 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
qa, c, qe
q2a, d
∣∣∣ q; d
ce
]
(qa− c)(1− e)d
(1 − qa)(d − qa)ce
+
[
d/c, d/e
d, d/ce
∣∣∣ q]
∞
(qae− d)
(qa − d)e
.
Performing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 82 and then letting
q → 1, we recover the following relation.
Corollary 83 ([4, Proposition 43]).
3F2
[
a, c, e
a + 1, d
∣∣∣ 1] = 3F2
[
a + 1, c, e+ 1
a + 2, d
∣∣∣ 1] e(c− a− 1)
(1 + a)(1 + a− d)
+ Γ
[
d, d− c− e
d− c, d− e
]
(1 + a + e− d)
(1 + a− d)
.
Taking d = qae in Proposition 82, we get the following relation.
Proposition 84 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, qae
∣∣∣ q; q2a
c
]
= 3φ2
[
qa, c, qe
q2a, qae
∣∣∣ q; qa
c
]
(qa − c)
(qa− 1)c
.
Employing the substitutions a → qa, c → qc, e → qe for Proposition 84 and then letting q → 1,
we recover the following relation.
Corollary 85 ([4, Corollary 44]).
3F2
[
a, c, e
a+ 1, a + e+ 1
∣∣∣ 1] = 3F2
[
a+ 1, c, e+ 1
a+ 2, a+ e+ 1
∣∣∣ 1] (1 + a− c)
(1 + a)
.
4.9. B&B.
Let Eq⋆(2a) stand for Eq(2a) under the parameter replacements
b→ d/q, d→ qb.
Then for an arbitrary variable Yq, the difference Eq(2a) − Yq × Eq⋆(2a) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
=
(
Bq − B
⋆
qYq
)
× 3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+
(
Bq − B
⋆
qYq
)
× 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
, (14)
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where the following notations have been used for coefficients
B⋆q = Bq(a, c, e; d/q, qb),
B
⋆
q = Bq(a, c, e; d/q, qb)
with Bq and Bq being defined in Theorem 4. Solving the equation Bq −B⋆qYq = 0 associated with
the variable Yq, we derive from equation (14) the following relation.
Theorem 86 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a, c, e
qb, d/q
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(b− c)(b− e)(q − d)(qce− d)
(b− 1)(b − ce)(qc− d)(qe − d)
, Zq =
(1− c)(1− e)(d− qb)(qace− bd)
(b − 1)(b − ce)(qc− d)(qe− d)a
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 86 and then
letting q → 1, we recover the following relation.
Corollary 87 ([4, Theorem 45]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a, c, e
b+ 1, d− 1
∣∣∣ 1]+ Z 3F2
[
a, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(b− c)(b− e)(d− 1)(1 + c+ e− d)
b(1 + c− d)(1 + e− d)(c + e− b)
, Z =
ce(1 + b− d)(1 + a + c+ e− b− d)
b(1 + c− d)(1 + e− d)(c+ e− b)
.
Specifying the parameter d → qa in Theorem 86 and using q-Gauss summation formula (6), we
deduce the following relation with one free parameter less.
Proposition 88 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, b
∣∣∣ q; qb
ce
]
= 3φ2
[
a, qc, qe
qa, qb
∣∣∣ q; b
ce
]
(1− c)(1− e)(a− b)
(1 − b)(a − c)(a − e)
+
[
b/c, b/e
b, b/ce
∣∣∣ q]
∞
(1 − a)(ce − a)
(a − c)(a − e)
.
Employing the substitutions a→ qa, b → qb, c → qc, e → qe for Proposition 88 and then letting
q → 1, we recover the following relation.
Corollary 89 ([4, Proposition 46]).
3F2
[
a, c, e
a+ 1, b
∣∣∣ 1] = 3F2
[
a, c+ 1, e+ 1
a + 1, b+ 1
∣∣∣ 1] ce(b− a)
b(a − c)(a − e)
+ Γ
[
b, b− c− e
b− c, b− e
]
a(a − c− e)
(a − c)(a − e)
.
Taking a = ce in Proposition 88, we attain the following relation.
Proposition 90 (Two-term contiguous relation of 3φ2-series).
3φ2
[
ce, c, e
qce, b
∣∣∣ q; qb
ce
]
= 3φ2
[
ce, qc, qe
qce, qb
∣∣∣ q; b
ce
]
(b− ce)
(b− 1)ce
.
Performing the substitutions b → qb, c → qc, e → qe for Proposition 90 and then letting q → 1,
we recover the following relation.
Corollary 91 ([4, Corollary 47]).
3F2
[
c+ e, c, e
c+ e+ 1, b
∣∣∣ 1] = 3F2
[
c+ e, c+ 1, e+ 1
c+ e+ 1, b+ 1
∣∣∣ 1] (b− c− e)
b
.
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4.10. B&C.
Let Eq⋆(3b) stand for Eq(3b) under the parameter replacements
a→ c, c→ a/q2, e→ e/q, b→ b/q, d→ d/q2.
Then for an arbitrary variable Yq, the difference Eq(2b)− Yq × Eq⋆(3b) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a/q2, c, e/q
b/q, d/q2
∣∣∣ q; bd
ace
]
=
(
Bq − C
⋆
qYq
)
× 4φ3

a/q, c, e, q
(
1−
Bq−C
⋆
qYq
Bq−C⋆qYq
)
b, d/q,
(
1−
Bq−C
⋆
qYq
Bq−C⋆qYq
) ∣∣∣ q; bd
qace

 , (15)
where the following notations have been used for coefficients
C⋆q = Cq(c, a/q
2, e/q; b/q, d/q2),
C
⋆
q = Cq(c, a/q
2, e/q; b/q, d/q2)
with Cq and Cq being defined in Theorem 6. Solving the equation 1−
Bq−C
⋆
qYq
Bq−C⋆qYq
= d/q2 associated
with the variable Yq, we achieve from equation (15) the following relation.
Theorem 92 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a/q2, c, e/q
b/q, d/q2
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a/q, c, e
b, d/q2
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(q − b)(q − d)(q2 − d)(bd2 + q2abce+ q3ace− q3bce− qabd − qacde)ace
(q − a)(qc− d)(q2c− d)(qe − d)(ae − d)qb2
,
Zq =
(q − d)(q2 − d)(bd − qace)(abde + q2bcd+ q3ace− q3bce− qabd − qacde)
(q − a)(qc− d)(q2c− d)(qe − d)(ae − d)qb2
.
Employing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 92 and then
letting q → 1, we recover the following relation.
Corollary 93 ([4, Theorem 48]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a− 2, c, e− 1
b− 1, d− 2
∣∣∣ 1]+ Z 3F2
[
a − 1, c, e
b, d− 2
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(b− 1)(d − 1)(d − 2)(2b + 2d+ cd+ de+ 2ad − ac− ae− bd− 3a− c− e− d2 − 1)
(a− 1)(1 + c− d)(2 + c− d)(1 + e− d)(d − a − e)
,
Z =
(d− 1)(d − 2)(b + d− a − c− e− 1)(1 + a+ c+ ae+ bd− ad − ce− 2b− e)
(a − 1)(1 + c− d)(2 + c− d)(1 + e− d)(d − a− e)
.
Specifying the parameter d → qa in Theorem 92 and using q-Gauss summation formula (6), we
establish the following relation with one free parameter less.
Proposition 94 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, b
∣∣∣ q; qb
ce
]
= 3φ2
[
a/q2, c, e/q
a/q, b/q
∣∣∣ q; qb
ce
]
(a− 1)(a − q)(a − b)(q − b)c2e2
(a − c)(a − qc)(a− e)(q − e)b2
+
[
b/c, b/e
b, b/ce
∣∣∣ q]
∞
(a − 1)(ce− b)(a2be+ q2abc+ q2ace− q2bce− qa2ce− qa2b)
(a − c)(a − qc)(a − e)(q − e)b2
.
Performing the substitutions a→ qa, b→ qb, c→ qc, e→ qe for Proposition 94 and then letting
q → 1, we recover the following relation.
Corollary 95 ([4, Proposition 49]).
3F2
[
a, c, e
a+ 1, b
∣∣∣ 1] = 3F2
[
a− 2, c, e− 1
a − 1, b− 1
∣∣∣ 1] a(a − 1)(a − b)(b − 1)
(a − c)(a − c− 1)(a − e)(e− 1)
+ Γ
[
b, b− c− e
b− c, b− e
]
a(c+ e− b)(a2 + ce+ e+ b− c− ae− ab − 1)
(a − c)(a− c− 1)(a − e)(e− 1)
.
Contiguous relations of 3φ2-series 25
Taking b = qace(a−q)
a2e+q2ac−q2ce−qa2
in Proposition 94, we found the following relation under the
replacements a→ q2a, e→ qe.
Proposition 96 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, qace(qa−1)
q2a2e+qac−ce−q2a2
∣∣∣ q; q2a(qa − 1)
q2a2e+ qac− ce− q2a2
]
= 3φ2
[
q2a, c, qe
q3a,
q2ace(qa−1)
q2a2e+qac−ce−q2a2
∣∣∣ q; q2a(qa − 1)
q2a2e+ qac− ce− q2a2
]
×
(q2a− c)(qa− e)(qa− 1)
(q2a− 1)(q2a2 + q2a2ce+ ce− q2a2e− qac− qace)
.
Employing the substitutions a → qa, c → qc, e → qe for Proposition 96 and then letting q → 1,
we recover the following relation.
Corollary 97 ([4, Corollary 50]).
3F2
[
a, c, e
a+ 1, 1 + a− e+ ce
a+1
∣∣∣ 1] = 3F2
[
a+ 2, c, e+ 1
a+ 3, 2 + a− e+ ce
a+1
∣∣∣ 1]
×
(1 + a)(2 + a− c)(1 + a− e)
(2 + a)(1 + 2a + a2 + ce− ae− e)
.
4.11. B&D.
Let Eq⋆(4b) stand for Eq(4b) under the parameter replacements
a→ a/q, c→ qc, e→ qe, b→ qb.
Then for an arbitrary variable Yq, the difference Eq(2b)− Yq × Eq⋆(4b) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a/q, qc, qe
qb, d
∣∣∣ q; bd
ace
]
=
(
Bq −D
⋆
qYq
)
× 4φ3

a/q, c, e, q
(
1−
Bq−D
⋆
qYq
Bq−D⋆qYq
)
b, d/q,
(
1−
Bq−D
⋆
qYq
Bq−D⋆qYq
) ∣∣∣ q; bd
qace

 , (16)
where the following notations have been used for coefficients
D⋆q = Dq(a/q, qc, qe; qb, d),
D
⋆
q = Dq(a/q, qc, qe; qb, d)
with Dq and Dq being defined in Theorem 8. Solving the equation 1−
Bq−D
⋆
qYq
Bq−D⋆qYq
= d/q2 associated
with the variable Yq, we obtain from equation (16) the following relation.
Theorem 98 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a/q, qc, qe
qb, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a/q, c, e
b, d/q2
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a − qb)(a − d)(1 − c)(1 − e)(q3ace+ q2abce+ bd2 − qabd − q3bce− qacde)qd
(a − q)(1 − b)(qc− d)(qe − d)(q3ace+ q2bcde+ bd2 − q2bcd− q2bde− qacde)a
,
Zq =
(q − d)(q2 − d)(qace− bd)(q2ce+ qcde+ ad − qcd− qde− qace)
(q − a)(qc− d)(qe− d)(q3ace+ q2bcde+ bd2 − q2bcd− q2bde− qacde)
.
Performing the substitutions a → qa, b → qb, c → qc, d → qd, e → qe for Theorem 98 and then
letting q → 1, we recover the following relation.
Corollary 99 ([4, Theorem 51]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a− 1, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1]+ Z 3F2
[
a− 1, c, e
b, d− 2
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
ce(a− b− 1)(a − d)
{
(a − 1)(1 + c+ e− d) + (d− 2)(b + d− a− c− e− 1)
}
b(1− a)(1 + c− d)(1 + e− d)
{
ce+ (d− 2)(b + d− a− c− e− 1)
} ,
Z =
(d− 1)(d − 2)(1 + a+ c+ e− b− d)(1 + c+ e+ ce+ ad − ac− ae− a− d)
(1− a)(1 + c− d)(1 + e− d)
{
ce+ (d− 2)(b + d− a− c− e− 1)
} .
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Specifying the parameter d → qa in Theorem 98 and using q-Gauss summation formula (6), we
get the following relation with one free parameter less.
Proposition 100 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, b
∣∣∣ q; qb
ce
]
= 3φ2
[
a/q, qc, qe
qa, qb
∣∣∣ q; qb
ce
]
(a−b)(a−qb)(1−q)(1−c)(1−e)ce
(a−c)(a−e)(1−b)(ace+qbc+qbe−qce−qbce−ab)
+
[
b/c, b/e
b, qb/ce
∣∣∣ q]
∞
ce(1− a)(ace + qac+ qae− qce− qace− a2)
(a − c)(a− e)(ace+ qbc+ qbe− qce− qbce− ab)
.
Employing the substitutions a→ qa, b→ qb, c→ qc, e→ qe for Proposition 100 and then letting
q → 1, we recover the following relation.
Corollary 101 ([4, Proposition 52]).
3F2
[
a, c, e
a+ 1, b
∣∣∣ 1] = 3F2
[
a− 1, c+ 1, e+ 1
a+ 1, b+ 1
∣∣∣ 1] ce(a− b)(1 + b− a)
b(a − c)(a− e)
{
ce+ (a− 1)(b − c− e)
}
+ Γ
[
b, b− c− e+ 1
b− c, b− e
]
a(a2 + ce+ c+ e− a − ac− ae)
(a − c)(a− e)
{
ce+ (a− 1)(b − c− e)
} .
4.12. B&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ a/q, c→ qc, e→ qe, b→ qb.
Then for an arbitrary variable Yq, the difference Eq(2a) − Yq × Eq⋆(4a) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a/q, qc, qe
qb, d
∣∣∣ q; bd
ace
]
=
(
Bq −D
⋆
qYq
)
× 3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+
(
Bq − D
⋆
qYq
)
× 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
, (17)
where the following notations have been used for coefficients
D⋆q = Dq(a/q, qc, qe; qb, d),
D
⋆
q = Dq(a/q, qc, qe; qb, d)
with Dq and Dq being defined in Theorem 8. Solving the equation Bq −D⋆qYq = 0 associated with
the variable Yq, we derive from equation (17) the following relation.
Theorem 102 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a/q, qc, qe
qb, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a− qb)(a − d)(1 − c)(1 − e)qd
(a− q)(1− b)(qc− d)(qe− d)a
, Zq =
(q − d)(qace+ qcd+ qde− qcde− q2ce− ad)
(a − q)(qc− d)(qe − d)
.
Performing the substitutions a → qa, b→ qb, c→ qc, d→ qd, e→ qe for Theorem 102 and then
letting q → 1, we recover the following relation.
Corollary 103 ([4, Theorem 53]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a− 1, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1]+ Z 3F2
[
a− 1, c, e
b, d− 1
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
ce(a− d)(a − b− 1)
b(1 − a)(1 + c− d)(1 + e− d)
, Z =
(d− 1)
{
(a − 1)(1 + c+ e− d)− ce
}
(1− a)(1 + c− d)(1 + e− d)
.
Specifying the parameter b → a in Theorem 102 and using q-Gauss summation formula (6), we
deduce the following relation with one free parameter less under the replacements a→ qa, d→ qd.
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Proposition 104 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
a, qc, qe
q2a, qd
∣∣∣ q; qd
ce
]
(a− d)(1 − q)(1− c)(1− e)d
(1− qa)(d − 1)(ace + cd+ de− cde− ce− ad)
+
[
d/c, d/e
d, qd/ce
∣∣∣ q]
∞
(a− 1)ce
(ace+ cd+ de− cde− ce− ad)
.
Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 104 and then letting
q → 1, we recover the following relation.
Corollary 105 ([4, Proposition 54]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a, c+ 1, e+ 1
a+ 2, d+ 1
∣∣∣ 1] ce(d− a)
d(1 + a)(ad + ce− ac− ae)
+ Γ
[
d, d− c− e+ 1
d− c, d− e
]
a
(ad + ce− ac− ae)
.
4.13. B&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ c, c→ a, e→ qe, b→ qb.
Then for an arbitrary variable Yq, the difference Eq(2a) − Yq × Eq⋆(4a) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a, c, qe
qb, d
∣∣∣ q; bd
ace
]
=
(
Bq −D
⋆
qYq
)
× 3φ2
[
a/q, c, e
b, d/q
∣∣∣ q; bd
ace
]
+
(
Bq − D
⋆
qYq
)
× 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
, (18)
where the following notations have been used for coefficients
D⋆q = Dq(c, a, qe; qb, d),
D
⋆
q = Dq(c, a, qe; qb, d)
with Dq and Dq being defined in Theorem 8. Solving the equation Bq −D⋆qYq = 0 associated with
the variable Yq, we attain from equation (18) the following relation.
Theorem 106 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a, c, qe
qb, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a, qc, qe
qb, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(b− c)(qce− d)
(b− 1)(qe− d)c
, Zq =
(1 − c)(qace− bd)
(1− b)(qe− d)ac
.
Performing the substitutions a → qa, b→ qb, c→ qc, d→ qd, e→ qe for Theorem 106 and then
letting q → 1, we recover the following relation.
Corollary 107 ([4, Theorem 55]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a, c, e+ 1
b+ 1, d
∣∣∣ 1]+ Z 3F2
[
a, c+ 1, e+ 1
b+ 1, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(b − c)(1 + c+ e− d)
b(1 + e− d)
, Z =
c(1 + a+ c+ e− b− d)
b(1 + e− d)
.
Specifying the parameter b → a in Theorem 106 and using q-Gauss summation formula (6), we
achieve the following relation with one free parameter less under the replacement e→ e/q.
Proposition 108 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qa, d
∣∣∣ q; qd
ce
]
= 3φ2
[
a, qc, e
qa, d
∣∣∣ q; d
ce
]
(1 − c)
(a − c)
+
[
d/c, d/e
d, d/ce
∣∣∣ q]
∞
(a− 1)
(a − c)
.
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Employing the substitutions a→ qa, c→ qc, d→ qd, e→ qe for Proposition 108 and then letting
q → 1, we recover the following relation.
Corollary 109 ([4, Proposition 56]).
3F2
[
a, c, e
a+ 1, d
∣∣∣ 1] = 3F2
[
a, c+ 1, e
a+ 1, d
∣∣∣ 1] c
(c− a)
+ Γ
[
d, d− c− e
d− c, d− e
]
a
(a − c)
.
4.14. C&C.
Let Eq⋆(3a) stand for Eq(3a) under the parameter replacements
a→ qc, c→ a/q.
Then for an arbitrary variable Yq, the difference Eq(3a) − Yq × Eq⋆(3a) leads us to the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
a/q, qc, e
b, d
∣∣∣ q; bd
ace
]
=
(
Cq − C
⋆
qYq
)
× 3φ2
[
a, qc, qe
qb, qd
∣∣∣ q; bd
ace
]
+
(
Cq − C
⋆
qYq
)
× 3φ2
[
qa, q2c, q2e
q2b, q2d
∣∣∣ q; bd
qace
]
, (19)
where the following notations have been used for coefficients
C⋆q = Cq(qc, a/q, e; b, d),
C
⋆
q = Cq(qc, a/q, e; q, d)
with Cq and Cq being defined in Theorem 6. Solving the equation Cq − C⋆qYq = 0 associated with
the variable Yq, we establish from equation (19) the following relation.
Theorem 110 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
a/q, qc, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, q2c, q2e
q2b, q2d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(qabce+ qacde+ bd− abd − qace− qbcde)
(qabce+ qacde+ bd− abde − qace− qbcd)
,
Zq =
(1 − a)(a − qc)(1 − qc)(1− qe)(1 − e)(qace− bd)(bd)2
(1− b)(1 − d)(1 − qb)(1 − qd)(qabce + qacde+ bd− abde− qace− qbcd)(qace)2
.
Performing the substitutions a → qa, b→ qb, c→ qc, d→ qd, e→ qe for Theorem 110 and then
letting q → 1, we recover the following relation.
Corollary 111 ([4, Theorem 57]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a − 1, c+ 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a+ 1, c+ 2, e+ 2
b+ 2, d+ 2
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
bd− a(1 + c+ e)
bd− (1 + c)(a + e)
, Z =
ae(1 + c)(1 + e)(1 + c− a)(b + d− a− c− e− 1)
bd(1 + b)(1 + d)(a + e+ ac+ ce− bd)
.
Specifying the parameter d → qc in Theorem 110 and using q-Gauss summation formula (6), we
found the following relation with one free parameter less.
Proposition 112 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qc, b
∣∣∣ q; qb
ae
]
= 3φ2
[
qa, q2c, q2e
q3c, q2b
∣∣∣ q; b
ae
]
(1 − a)(qc − a)(1 − e)(1 − qe)b2
(1− b)(1 − qb)(1 − qc)(1− q2c)(ae)2
+
[
b/a, b/e
b, b/ae
∣∣∣ q]
∞
ae(1 − qc)− b(1 + ae− a− qce)
e(a− b)(1 − qc)
.
Employing the substitutions a→ qa, b→ qb, c→ qc, e→ qe for Proposition 112 and then letting
q → 1, we recover the following relation.
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Corollary 113 ([4, Proposition 58]).
3F2
[
a, c, e
c+ 1, b
∣∣∣ 1] = 3F2
[
a+ 1, c+ 2, e+ 2
c+ 3, b+ 2
∣∣∣ 1] ae(1 + e)(a − c− 1)
b(1 + b)(1 + c)(2 + c)
+ Γ
[
b, b− a− e
b− a, b− e
]
(a− b)(1 + c) + ae
(a − b)(1 + c)
.
Taking b =
ae(1−qc)
1+ae−a−qce
in Proposition 112, we obtain the following relation.
Proposition 114 (Two-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
qc,
ae(1−qc)
1+ae−a−qce
∣∣∣ q; q(1 − qc)
1 + ae− a− qce
]
= 3φ2
[
qa, q2c, q2e
q3c, q
2ae(1−qc)
1+ae−a−qce
∣∣∣ q; 1− qc
1 + ae− a− qce
]
×
(1− e)(1− qe)(1− qc)(qc− a)
(1 − q2c)(1− qce)(1 + ae+ q2ace− qae− qce− a)
.
Performing the substitutions a→ qa, c→ qc, e→ qe for Proposition 114 and then letting q → 1,
we recover the following relation.
Corollary 115 ([4, Proposition 59]).
3F2
[
a, c, e
c+ 1, a+ ce
c+1
∣∣∣ 1] = 3F2
[
a+ 1, c+ 2, e+ 2
c+ 3, 2 + a+ ce
c+1
∣∣∣ 1]
×
(a − c− 1)(1 + c)(1 + e)e
(2 + c)(1 + c+ e)(1 + c+ a + ac+ ae)
.
4.15. D&D.
Let Eq⋆(4a) stand for Eq(4a) under the parameter replacements
a→ c/q, c→ qa.
Then for an arbitrary variable Yq, the difference Eq(4a) − Yq × Eq⋆(4a) results in the relation:
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
− Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
=
(
Dq −D
⋆
qYq
)
× 3φ2
[
a, c/q, e/q
b/q, d/q
∣∣∣ q; bd
ace
]
+
(
Dq − D
⋆
qYq
)
× 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
, (20)
where the following notations have been used for coefficients
D⋆q = Dq(c/q, qa, e; q, d),
D
⋆
q = Dq(c/q, qa, e; b, d)
with Dq and Dq being defined in Theorem 8. Solving the equation Dq −D⋆qYq = 0 associated with
the variable Yq, we get from equation (20) the following relation.
Theorem 116 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
a, c/q, e/q
b/q, d/q
∣∣∣ q; bd
ace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(a− 1)(c− b)(c− d)aq2
(c− q)(qa − b)(qa − d)c
, Zq =
(q − b)(q − d)(qa − c)a
(q − c)(qa − b)(qa − d)
.
Employing the substitutions a → qa, b → qb, c→ qc, d→ qd, e → qe for Theorem 116 and then
letting q → 1, we recover the following relation.
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Corollary 117 ([4, Theorem 60]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c− 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a, c− 1, e− 1
b− 1, d− 1
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
a(b− c)(c− d)
(1 − c)(1 + a− b)(1 + a− d)
, Z =
(1− b)(1 − d)(1 + a− c)
(1− c)(1 + a− b)(1 + a− d)
.
Instead, solving the equation Dq − D⋆qYq = 0 associated with the variable Yq , we derive from
equation (20) the following relation.
Theorem 118 (Three-term contiguous relation of 3φ2-series).
3φ2
[
a, c, e
b, d
∣∣∣ q; bd
ace
]
= Yq × 3φ2
[
qa, c/q, e
b, d
∣∣∣ q; bd
ace
]
+ Zq × 3φ2
[
qa, c, e
b, d
∣∣∣ q; bd
qace
]
,
where the coefficients Yq and Zq are defined by
Yq =
(c− b)(c− d)aq
(qa − b)(qa − d)c
, Zq =
(qa− c)(qace− bd)
(qa − b)(qa − d)ce
.
Performing the substitutions a → qa, b→ qb, c→ qc, d→ qd, e→ qe for Theorem 118 and then
letting q → 1, we recover the following relation.
Corollary 119 ([4, Theorem 61]).
3F2
[
a, c, e
b, d
∣∣∣ 1] = Y 3F2
[
a+ 1, c− 1, e
b, d
∣∣∣ 1]+ Z 3F2
[
a+ 1, c, e
b, d
∣∣∣ 1] ,
where the coefficients Y and Z are given by
Y =
(c− b)(c− d)
(1 + a− b)(1 + a− d)
, Z =
(1 + a− c)(1 + a+ c+ e− b− d)
(1 + a− b)(1 + a− d)
.
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